We have investigated the critical temperature behavior in periodic superconductor/ ferromagnet (S/F) multilayers as a function of the ferromagnetic layer thickness d f and the interface transparency. The critical temperature Tc(d f ) exhibits a damped oscillatory behavior in these systems due to an exchange field in the ferromagnetic material. In this work we have performed Tc calculations using the self-consistent multimode approach, which is considered to be exact solving method. Using this approach we have derived the conditions of 0 or π state realization in periodic S/F multilayers. Moreover, we have presented the comparison between the single-mode and multimode approaches and established the limits of applicability of the single-mode approximation, frequently used by experimentalists.
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I. INTRODUCTION
Nowadays, the rates of development of such areas as spintronics and superconducting logic and memory circuits increase significantly. In particular, much attention was attracted to superconductor/ ferromagnet (S/F) structures.
1-3 It is known that S/F structures are important for RSFQ circuits, 4 applications for superconducting spintronics and in particular memory elements, [5] [6] [7] [8] [9] [10] [11] [12] [13] , magnetoelectronics, [14] [15] [16] qubits, 17 artificial neural networks, 18 micro-refrigerators, 19, 20 etc. It was suggested that arrays of S/F structures may provide new functionality.
Rich physics of S/F systems is based on the proximity effect in S/F bilayers.
1-3,21,22 It turns out that when a superconductor and a ferromagnet form a hybrid structure, superconducting correlations leak into a ferromagnetic metal over the distance ξ h = D f /h, where D f is the diffusion coefficient and h is the exchange field in the ferromagnetic material.
1 As a consequence it leads to a damped oscillatory behavior of superconducting correlations in the ferromagnetic layer, with characteristic lengths of decay and oscillations given by ξ h . The realized superconducting phase is then similar to the FFLO (Fulde-Ferrel-Larkin-Ovchinnikov) state.
23,24
If a ferromagnetic layer serves as a weak link in a Josephson-type S/F/S structure, there is a possibility of the π phase state realization. For F layer thickness d f ≪ ξ h the pair wave function in the F layer changes little, and the sign of the superconducting pair potential in the S layers remains the same. The phase difference in the S layers is then zero (0 phase state). Increasing the F layer thickness up to d f ∼ ξ h , the pair wave function may cross zero in the center of the F layer with the π phase shift (π phase state) and different signs of the superconducting pair potential in the S layers. Further increasing of d f may cause subsequent 0-π transitions due to damped oscillatory behavior of the pair potential in the F layer. The existence of the π states leads to a number of striking phenomena. For example, the critical current in S/F/S Josephson junctions exhibits a damped oscillatory behavior with increasing F layer thickness. [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] The π state is then characterized by the negative sign of the critical current. Similarly, 0 to π transitions can also be observed in oscillations of the density of states in the F layer, [44] [45] [46] [47] and critical temperature T c oscillations on the ferromagnetic layer thickness in S/F/S structures.
48-62
Influence of magnetization misalignment in F layers on critical temperature in F 1 /S/F 2 /(S') structures was also investigated. 63, 64 Josephson π junctions have been proposed as elements of novel superconducting nanoelectronics in many different applications.
The critical temperature have nontrivial behavior even in S/F bilayers. [65] [66] [67] [68] [69] [70] In this case the transition to the π phase is impossible, but the commensurability effect between the period of the superconducting cor- (Color online) Geometry of the considered S/F multilayer system. Single S/F/S unit is considered in our model. The transparency parameter γ b is proportional to resistance across the S/F interface.
relations oscillation (∼ ξ h ) and the F layer thickness leads to a nonmonotonic dependence of T c on the F layer thickness d f . This reentrant behavior is typical for the high-transparent S/F interfaces, while for medium or low-transparent S/F interfaces the T c (d f ) function is monotonously decaying. 65 Critical temperature in F 1 /F 2 /S and F 1 /S/F 2 trilayers (spin-valves) with magnetization misalignment was investigated in Refs. 71-73. In contrast to bilayers, the S/F periodic multilayered systems may exhibit more complex behavior, with the competition of 0 and π phase states. The purpose of this work is to provide quantitative model of critical temperature T c calculation in a periodic symmetric S/F multilayer. Such a system can be divided in S/F/S trilayers as shown in Fig. 1 . The total S/F multilayer can be in 0 or in π state depending on the state of the single S/F/S unit. It is important to understand the critical temperature behavior of such systems when it comes to practical applications. Therefore it is important to calculate the T c (d f ) behaviour of the single unit S/F/S trilayer. Previously it was done only in the so called single mode approximation (SMA). [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] In this paper we have calculated the T c (d f ) dependence, using the multimode approach (MMA), considered to be exact method for solving this problem. We also compare the results of the multimode approach with the single mode approximation, setting the limits for the latter approximative method. In our work we do not consider nonequilibrium effects, 74 and use the Matsubara Green functions technique, which has been developed to describe many-body systems in equilibrium at finite temperature.
75
The paper is organised as follows. In the next section we formulate the theoretical model and basic equations. In Sections III and IV single mode and multimode approaches are formulated, correspondingly. The results are presented in Section V and summarized and discussed in Section VI.
II. MODEL
The model of an S/F/S junction we are going to study is depicted in Fig. 2 and consists of a ferromagnetic layer of thickness d f and two superconducting layers of thickness d s along the x direction. The structure is symmetric and its center is placed at x = 0.
To calculate the critical temperature T c (d f ) of this structure we assume the diffusive limit and use the framework of the linearized Usadel equations for the S and F layers in Matsubara representation. 75, 76 Near T c the normal Green function is G = sgn ω n , and the Usadel equation for the anomalous Green function F take the following form. In the S layers
In the F layer (−d f /2 < x < d f /2) the Usadel equation can be written as
Finally, the self-consistency equation reads,
75
∆ ln
In Eqs.
(
2 ), where n = 0, ±1, ±2, . . . are the Matsubara frequencies, h is the exchange field in the ferromagnet, T cs is the critical temperature of the superconductor S, and F s(f ) denotes the anomalous Green function in the S(F) region (we assume = k B = 1). We note that ξ h = ξ f 2πT cs /h.
Equations (1)- (3) should be complemented by the Kupriyanov-Lukichev boundary conditions at the S/F boundaries (x = ±d f /2),
where γ = ξ s σ n /ξ f σ s , σ s(n) is the normal-state conductivity of the S(F) layer, γ b = R B σ n /ξ f , 77, 78 and R B is the resistance of the S/F boundary (we suppose the symmetric structure with same resistance R B for x = ±d f /2). At the borders of the S layer with a vacuum we naturally have,
The solution of the Usadel equation in the F layer depends on the phase state of the structure. In the 0 phase state the anomalous Green function is symmetric relative to x = 0 (see Fig. 2 , left panel),
while in the π phase state the anomalous Green function is antisymmetric (see Fig. 2 , right panel), where
In Eqs. (6), (7) the C(ω n ) and C ′ (ω n ) are proportionality coefficients to be found from the boundary conditions.
To solve the boundary value problem Eqs. (1)- (5) we use the method proposed in Ref. 65 . At the right S/F boundary (x = d f /2) from Eqs. (4) we obtain,
where B f (ω n ) can acquire one of two different values, depending on phase state. In the 0 phase state,
while in π phase state from Eq. (7) we obtain,
Similar boundary condition can be written at
The boundary condition (9) is complex. In order to rewrite it in a real form, we use the following relation,
According to the Usadel equations (1)- (3), there is a symmetry relation F (−ω n ) = F * (ω n ) which implies that F + is a real while F − is a purely imaginary function. Thus we can consider only positive Matsubara frequencies and express the self-consistency equation (3) via the symmetric function
The problem of determining T c can be then formulated in a closed form with respect to F + s . Using the boundary condition (9) we arrive at the effective boundary conditions for F + s at the boundaries of the right S layer,
where we used the notations,
Similar boundary conditions can be written at the boundaries of the left S layer. The self-consistency equation (13) and boundary conditions (14) , together with the Usadel equation for
will be used for finding the critical temperature of the S/F/S structure both in 0 and π phase states. In general, this problem should be solved numerically.
III. SINGLE-MODE APPROXIMATION
In this section we present the single mode approximation (SMA) method. The solution of the problem Eqs. (14)- (16) can be searched in the form of the following anzatz,
where δ and Ω do not depend on ω n . The above solution automatically satisfies boundary condition (14b) at x = d s + d f /2. Substituting expression (17) into the Eq. (16) we obtain,
To determine the critical temperature T c we have to substitute the Eqs. (17)- (18) into the self-consistency equation (13) at T = T c . Then it is possible to rewrite the self-consistency equation in the following form,
where ψ is the digamma function. Boundary condition (14a) at x = d f /2 yields the following equation for Ω,
The critical temperature T c is determined by equations (19) and (20) for both 0 and π phase states. These equations extends the model of Ref. 65 , taking into account the possibility of π phase state realization in the considered structure.
IV. MULTIMODE APPROACH
The multimode approach (MMA) was applied for the first time considering the problem of T c in an S/N bilayer. 79 Here and below we use similar notations to that of Ref. 65 . The solution of the problem Eqs. (14)- (16) within the multimode approach reduces to the equation
where theK matrix is defined as,
where n = 0, 1, ..., N , m = 1, 2, ..., M (we take M = N ), and Ω n are determined by the following equation, obtained from Eq. (13) at T = T c , ln
The multimode approach is considered to be much more accurate comparing to the single-mode approximation, and it was shown in previous studies that in some cases SMA and MMA perform significantly different qualitative behavior for 0 phase state junctions in S/F bilayers. 65 In the following, using the multimode approach, we provide calculations of critical temperature for various parameters of the S/F/S structure both in 0 and π phase states. 
V. RESULTS
In this section we present the results obtained by numerical calculations for 0 and π phase states using both the single-mode approximation and multimode approach. We provide complete theory for T c (d f ) behavior description in general case, where system can be in 0 or π phase state depending on the F layer thickness d f . Moreover, comparison between the SMA and MMA is also presented. The accuracy of calculations was checked by choosing sufficiently large matrixK dimensions in multimode approach. Here and below we have used in our calculations the same parameters as in Ref. 65 , i.e. γ = 0.15, h = 6.8πT cs , d s = 1.24ξ s .
A. Tc in S/F/S structures in π phase state
In Fig. 3 the critical temperature T c (d f ) dependencies on ferromagnetic layer thickness d f in the π phase state are shown. This situation corresponds to an S/F/S structure enclosed in a ring, where the π phase shift can be fixed by applying the magnetic flux quantum for any d f . Different curves correspond to various values of γ b which is proportional to resistance across the S/F interface and can be determined from the experiment. 70 For γ b = 0 the critical temperature increases to a certain maximum value at a particular d f and with further rise in thickness d f the T c eventually drops to zero. At higher interface resistances T c (d f ) grows nonmonotonically reaching maximum at finite d f and then saturating to some value, The single-mode approximation is frequently used to calculate the critical temperature because of its simplicity. However, that approach has restricted range of applicability which was considered in Ref. 65 for S/F bilayers. Nevertheless the SMA method quite often is used for wide range of parameters, even for values when the approximation can be rude enough, due to its simplicity and speed. The difference between single-mode and multimode methods can be seen in Fig. 6 . For these calculations the same set of parameters as in Fig. 3 reality. For small enough values of d f both approximations demonstrate similar results even in this case.
D. Critical thickness of the S layer
It is well known that decreasing the S layer thickness d s in S/F multilayer hybrid structures the critical temperature is suppressed since superconductivity is suppressed due to the inverse proximity effect.
1 Hence at certain value d s for a given thickness of ferromagnetic layer d f , the critical temperature T c drops to zero, i.e superconductivity in the structure vanishes. In Fig. 7 
VI. DISCUSSION AND CONCLUSION
MMA, we note that for high enough resistance across the S/F interfaces, the SMA and MMA show good agreement with each other. However, for highly transparent interfaces, SMA and MMA demonstrate qualitatively and even quantitatively different results. In fact, in this case in the single mode approximation the T c drops to zero abruptly at particular d f [see Fig. 6 (a), (b) ], while in the multimode approach the superconducting state is still present. Moreover, the π-0 transition point can be seen using the multimode approach [see Fig. 5 ]. Thus we confirm the relevance of multimode approach in wide range of parameters in the case of S/F multilayers, where 0-π phase transitions are possible. The results of the paper can be extended to the case of S/F 1 /S/F 2 hybrid structures, where F 1 and F 2 are the ferromagnetic layers with magnetization misalignment. 
